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Abstract
Using first-principles methods, the phase stability of the underlying body-
centered-cubic (bcc) structure of Ti3Al2V and slightly rearranged atomic
structures are investigated. The calculated ground-state energies show an
instability in the ternary Ti3Al2V alloy with respect to the ω structure-type
atomic displacement. A Mulliken population analysis shows strong bonding
between the transition metals and Al. It is shown that Ti–Al is the strongest bond
and that ω-type displacements increase the population overlap for this bond and
reduce the energy of the system. The first-principles calculations are extended
to finite temperature and various contributions to the free energy are calculated
within the quasiharmonic approximation. It is shown that, at high temperatures,
the bcc structure is stabilized by the contribution of the low-energy modes to
lattice entropy. In agreement with experiment and in contrast to the Ti–Al–Nb
system, we find that the metastable B82 structure cannot form in this alloy.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The titanium aluminides have potential for high-temperature applications. However, a major
problem in their application is their low ductility at low to intermediate temperatures. Alloying
with β-stabilizing elements, such as V and Nb, is a potential method to improve their
ductility [1]. To retain the benefit resulting from the additional stabilizing elements, it is
evident that the possible transformations of the high-temperature ordered body-centered-cubic
(bcc, B2) phase must be controlled, since those alloys which are structurally stable are serious
candidates for long-term applications.

An increasing amount of data is now available concerning the phase transformation
in Ti–Al–V systems [2–8]. Transmission electron microscopy (TEM) studies of ordered
(Ti, Al)1−x Vx alloys reveal several martensitic phase transformations from the high-
temperature B2 phase by cooling and aging these alloys [6–8]. The transformation of the bcc
structure at high temperature to the ω-phase structure at low temperature is one of the typical
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martensitic phase transformations. After the alloys were quenched and aged for several hours,
the observed diffuse maxima became stronger, and it was confirmed that these diffuse maxima
are due to the existence of an ordered ω-phase in the B2 matrix [6–8]. The interest in the
formation of the ω-phase is due to the marked effect that this phase has on the mechanical
properties of the parent phase [9]. Presence of the ω-phase in the microstructure is often
detrimental to the ductility.

The mechanism generally assumed for the bcc–ω transformation is the collapse of the
{111}β plane due to a 2/3〈111〉β longitudinal displacement wave [9]. Thus, when the ω-
phase is created, two neighboring (111) planes move toward each other by a displacement
in the [111] direction, while each third plane remains unmoved. This type of transformation
is called displacive because it involves cooperative movement over small distances which are
fractions of lattice translation vectors. In contrast, a diffusion-controlled nucleation and growth
transformation occurs via atomic diffusion.

In the alloy with chemical composition near Ti3Al2.1V0.9 after aging for 50 h at 793 K
an ordered ω-phase has been observed [6, 7]. The ω-phase is a known precursor to the B82

phase in the Ti–Al–Nb system with comparable composition [10, 11]. The observed path,
B2 → ω′′ → B82, traverses a state of minimum symmetry (ω, P 3̄m1) that is a subgroup of
both Pm3̄m and P63/mmc. This space group of minimum symmetry is the intersection of
the parent and product space groups. The formation of ω as an intermediate metastable phase
provides a continuous structural path for the alloy to accomplish the B2 to B82 transition.
The direct B2 → B82 transformation occurs by a reconstructive transformation without the
formation of the intermediate trigonal phase. Since V and Nb belong to the same group of the
periodic table and have similar valence structures, it is expected that the Ti–Al–V system will
also show a similar transformation. However, for the Ti–Al–V system the observed ordered
ω-phase is trigonal with a space group P 3̄m1, and a transformation to the B82 phase has not
been seen.

So far there has been no theoretical study of the B2, ω, and B82 phases in Ti–Al–V alloys
and the number of experimental studies are also limited. Reliable information, such as crystal
lattice parameters, bulk modulus, heat of formation, and phonon densities of states, is also
lacking. Furthermore, there is very little understanding of the instability of the underlying bcc
structure against the ω-type distortions from the electronic perspective.

In the present investigation we use first-principles methods to study the formation of the
ω-phase in the Ti3Al2V system. The lattice parameters, bulk modulus, and heat of formation
for underlying bcc and related ω-phases are calculated. We show that the instability of the
underlying bcc structure against the ω-phase can be explained in terms of strong Ti–Al bonds.
By calculating the Helmholtz free energy within the quasiharmonic approximation, we extend
our studies to finite temperature. It is shown that excess vibrational entropy stabilizes the high-
temperature underlying bcc phase. In agreement with experiment, we show that the B82-phase
cannot form in this system.

2. Methodology

The present calculations were carried out using two first-principles density-functional
packages, VASP [12–15] and SIESTA [16, 17], within the generalized gradient approximation
to the exchange–correlation potential (see references [18] for VASP and [19] for SIESTA).
We use SIESTA for the Mulliken population analysis, while VASP is used for the rest of the
calculations.

The VASP calculations use plane-wave basis sets and ultrasoft Vanderbilt-type
pseudopotentials [21]. In the VASP approach, the solution of the generalized self-consistent
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Table 1. Calculated crystal parameters, bulk modulus (B), and heat of formation (EHF) of Ti3Al2V
BOT and ω′′ structures.

a (Å) c (Å) z + 1/6 B (GPa) EHF (eV/atom)

BOT 4.485 5.493 0.167 121.5 −0.257
ω′′ 4.525 5.407 0.230 117.5 −0.274

Kohn–Sham equations are calculated using efficient matrix-diagonalization routines based
on a sequential band-by-band residual minimization method and Pulay-like charge density
mixing [22]. We used a plane-wave basis cutoff at 304.7 eV for all structures. Electronic
degrees of freedom were optimized with a conjugate gradient algorithm, and both the cell
constants and ionic positions are fully relaxed. The crystal is represented by 6-atom or 12-atom
periodic cells. A 7×7×5 Monkhorst–Pack [20] mesh is used to sample the Brillouin zone. The
dynamical matrix calculations were performed using the force-constant method in a 108-atom
cell with k-point sampling of 2 × 2 × 2.

The SIESTA calculations use norm-conserving pseudopotentials in the Troullier–Martins
form [23] to remove the core regions from the calculations. The basis sets for the valence states
are linear combinations of numerical atomic orbitals [16, 24, 25]. In the present calculations,
we use double-zeta polarized basis sets (two sets of valence s and p orbitals plus one set of
d orbitals). The charge density is projected on a real-space grid with an equivalent cutoff of
150 Ryd to calculate the exchange–correlation and Hartree potentials.

The eigenvalues of the dynamical matrix are the normal-mode frequencies, ωs, of the
system. The knowledge of all normal modes of the supercell also allows the construction of the
phonon density g(ω). This function is obtained by evaluating the dynamical matrix at 10 000
k points in the Brillouin zone of the supercell. Once g(ω) is known, the Helmholtz vibrational
free energy Fvib is straightforward to calculate [26, 27].

3. First-principles calculations at T = 0 K

To understand a crystal structure from first principles, it is first useful to determine the overall
unit cell. The unit cell has six atoms for the Ti3Al2V system, as shown in figure 1. We
constrained the c/a ratio to

√
6/2 (ideal value), and determined the lattice constant, a. After

studying all the possible arrangements of the atoms in the six-atom unit cell, we found that
the atomic configuration in figure 1(a) has the lowest energy. (For convenience, from now
on, the structure shown in figure 1(a) is referred to as the body-centered-orthogonal ternary
(BOT) structure.) This finding is similar to that in the Ti–Al–Nb system in which Ti atoms tend
to occupy one site while Al and Nb tend to occupy the other sites of the bcc structure [28].
We varied the positions of the planes along [111]bcc and optimized the lattice parameters for
each new configuration. The calculated total energy versus plane displacement z (where z is a
dimensionless variable varying between 0 and 1/12 in terms of c/a unit) is shown in figure 2.
The lattice with z = 0 corresponds to a bcc structure. The complete ω-phase is formed when
z = 1/12; for the other values of z, the structures are the ‘incomplete’ ω-phase (ω′′). Finally
the structure parameters were optimized around the minima of the energy (figure 2). Calculated
atomic parameters for BOT and ω′′ structures are given in table 1.

To understand the origin of the instability of the BOT structure, we use a Mulliken overlap
population analysis (MOPA) for studying the bonding between different elements as a function
of atomic displacement z. Figure 3 demonstrates several important results. (i) The Ti–Al bonds
have the highest population overlap with respect to Ti–V and V–Al bonds. (ii) Approaching
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Figure 1. (a) Stacking of the (111) planes of the underlying bcc (BOT) Ti3Al2V structure, (b) ω′′-
phase (partial collapse of the planes), (c) ω structure (full collapse of the planes).
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Figure 2. Calculated total energy as a function of atomic displacement for the Ti3Al2V system.

Ti–Al bonds have higher overlap at shorter distances (large z). (iii) Receding Ti–Al bonds
show an increase in overlap at the beginning of the collapse and after that a reduction in the
overlap population. This is evidence of strong directional bonding between Ti(d) and Al(p)
electrons. (iv) The population overlap between receding Ti and V atoms decreases while that
for approaching V and Al atoms increases. This confirms the importance of the second-nearest
neighbor in this type of transformation, which has been also observed in Ni–Al system [29].

The MOPA results are also in agreement with the results of the x-ray photoelectron
spectroscopy (XPS) studies of Ti–Al and Ti–Al–V alloys [30] which indicate charge transfer
from the Al sites toward the transition metal sites. Therefore, the instability of the BOT
structure with respect to the ω′′-type displacement is a consequence of the strong bonding
between the Ti d electrons and Al p electrons. The Ti–Al bond is the strongest bond among all
of the present bonds. This bond is stronger at shorter distances, relative to its position in the
BOT structure. Therefore, one expects to see the instability of the BOT structure with respect
to the ω′′-phase. In this way, the Ti–Al bond reduces its energy.
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Figure 3. The population overlap for different bonds as a function of atomic displacement z. The
approaching (receding) bond is shown with solid (empty) symbols, where approaching (receding)
indicates decreasing (increasing) bond length with increasing z.

In order to determine heats of formation, we first calculated the total energies of elemental
Ti, Al, and V corresponding to their respective equilibrium lattice parameters. Note that first-
principles calculations predict the ω-phase as the true ground state of Ti rather than hexagonal
close-packed (hcp) [27]. In this calculation, only the hcp structure has been used. At zero
temperature, there is no electronic entropy contribution to the free energy and the vibrational
zero point energy is very small compared to that of the ions.

The heat of formation per atom (EHF) can be obtained from the following relation:

EHF = 1
6 [ETi3Al2V − (3ETi + 2EAl + EV)] (1)

where ETi3Al2V refers to the total energy of the BOT phase or the ω′′-phase at equilibrium
volume. The calculated values for BOT and ω′′ are given in table 1.

4. Finite-temperature results

The thermodynamical quantity determining the phase stability is the Gibbs free energy
G(P, T ), where P and T are the pressure and temperature of the system, respectively.
However, for simplicity, all calculations are carried out at equilibrium volume (P = 0). In
this case, the Gibbs free energy reduces to the Helmholtz free energy. At high temperatures,
entropy effects may play an important role in determining the phase stability. There are a
number of contributions to the entropy, such as electronic, vibrational, and configurational.

The electronic contribution to the free energy depends on the electronic density of
states (DOS) as a function of volume, n(E, V ). The occupation of these states, given by the
Fermi distribution f (E, T ) = [e(E−Ef)/(KBT ) + 1]−1, determines their entropy [31],

Sel(T, V ) = −kB

∫
[ f ln f + (1 − f )ln(1 − f )]n(E, V ) dE, (2)

and hence the electronic contribution to the free energy FE (T, V ) = −T Sel(T, V ). Although
the electronic entropy terms are not large, we include them in our calculations for completeness.

The vibrational modes of the crystal are an important contribution to the free energy of
the system; the magnitude of the vibrational entropy is generally larger than the electronic
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Figure 4. The total free-energy difference of the BOT phase and the ω′′-phase as a function of
temperature. Below 837 K the ω′′-phase is more stable than the BOT phase.

one. Far from the melting point, the vibrational free energy Fvib can be calculated within
the quasiharmonic approximation [15, 32]. This is similar to calculating Fvib in the harmonic
approximation, retaining only the implicit volume dependence through the frequencies as [33]

Fvib(T, V ) = 3kBT
∫

�

ln

{
2 sinh

(
h̄ω

2kBT

)}
g(ω, V ) dω. (3)

The phonon densities of states are calculated at a few volumes and then interpolated to
get the volume dependence. The quasiharmonic approximation accounts only partially for the
effects of the anharmonicity, through the volume dependence of the phonon spectra. However,
it turns out to be a very good approximation at temperatures not too close to the melting
point [32].

4.1. BOT → ω′′ transformation

Figure 4 shows the difference between the Helmholtz free energies of the BOT and ω′′
structures. Above 837 K the BOT structure is more stable than ω′′-phase. By reducing the
temperature below this temperature, the metastable ω-related phase (ω′′) forms. This result is
in excellent agreement with the observed temperature of 793 K [6, 7]. The slight difference can
be caused by the small difference between the theoretical and experimental concentrations of
the alloys.

In figure 5, the phonon densities of states for the BOT phase and the ω′′-phase at the
predicted transition temperature are shown. The calculated phonon density of states consists
of two bands separated by a gap for both structures. The Ti and V related modes are at low
energies and the Al ones are at high energies (frequencies). In the BOT structure, phonons
in both bands are shifted to the lower frequencies with respect to the ω′′-phase. The high-
frequency modes are due to the strong bonding between the transition metals (Ti and V) and Al
atoms and the change of the nearest-neighbor atoms with respect to the BOT structure. We did
not find any imaginary vibrational frequencies for the BOT structure. Therefore, we support
the model of Friedel [34] that the excess entropy for the bcc phase is due to an overall lower
phonon spectrum, expected to scale with the number of neighbors.
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Figure 5. The phonon DOS for the B2 (solid line) and ω (dashed line) phases at T = 837 K.

4.2. B82 structure stability

The ω-phase is a known precursor to both the O (orthorhombic) and B82 phases in the Ti–
Al–Nb system. For example, in Ti3Al2.25Nb0.75 alloy, annealing of the ω′′-phase results in the
metastable B82 (isothermal ω)-phase [10, 11]. In the B82 structure, the double layers (planes
2–3 and 5–6 in figure 1(c)) are completely composed of Ti and Al, with all of the V found on
the single layers [11]. In figure 1(c), one of the possible configuration of the B82 structure is
shown. It has been shown that, at finite temperature, distinct configurations of the Ti3Al2Nb
system are degenerate [28]. Furthermore, it is this configurational entropy that stabilizes the
B82 structure with respect to the ω′′-phase. However, such a structure for the Ti–Al–V system
has not yet been observed.

In figure 1(c), the exchange of the V atoms in the fourth plane with Ti atoms in the
first plane does not create a new configuration due to periodic boundary conditions and the
translational symmetry of the crystal. Therefore, one needs to consider a bigger unit cell. The
two lowest-energy 12-atom configurations are shown in figure 7. These distinct configurations
are called B82(a) and B82(b). The ground-state energy calculations show that B82(a) has
1.2 meV/atom lower energy than B82(b). Comparison of the Helmholtz free energy of the
two structures shows that the B82(a) structure is also the most stable configuration at finite
temperature (figure 6). In contrast to the Ti3Al2Nb system, the energy of the different B82

configurations does not become degenerate at any temperature. Therefore, configurational
entropy can not contribute to the total free energy of this system. The differences between the
Ti–Al–Nb and Ti–Al–V systems can be explained in terms of the chemical bonding between
the atoms. For the Ti3Al2Nb system, the B82(b) structure is more stable than B82(a) by
4 meV/atom (T = 0 K). The B82(b) structure has more V–V (Nb–Nb) bonds with respect to
the B82(a) structure. The bcc cohesive energies [35] for V and Nb are 511 and 718 kJ mol−1,
respectively. Thus, V–V is a weaker bond with respect to Nb–Nb bond and this will limit the
number of possible degenerate structures.

Note that our calculations also predict that the direct B2 → B82 transformation cannot
happen. This is because the ω′′-phase is the precursor of the B82 transformation, and our
results confirm that at all temperatures the ω′′-phase is more stable than B82 (figure 6).

7



J. Phys.: Condens. Matter 19 (2007) 386221 M Sanati et al

0 300 600 900 1200 1500

T (K)

FB82(a)–FB82(b)

FBOT–FB82(a)

Fω"–FB82(a)
–20

–15

–10

–5

0

ΔF
 (

m
eV

/a
to

m
)

–25

5

Figure 6. The total free-energy difference between B82(a) and B82(b)), BOT and B82(a), and ω′′
and B82(a) structures.
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Figure 7. Different atomic configurations of the B82 structure with the two lowest ground-state
energies.

5. Summary

We have performed first-principles calculations to study the stability of the underlying bcc, ω′′,
and B82 structures of the Ti3Al2V system. The lattice parameters, bulk modulus, and heat of
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formation for the underlying bcc and ω′′-phases have been calculated. The Mulliken population
analysis shows strong bonding between the transition metals and Al. It is shown that Ti–Al
is the strongest bond and ω-type displacements will increase the population overlap for this
bond. This bond is stronger at shorter distances, relative to its position in the BOT structure.
Therefore, the system reduces its energy by undergoing ω-type displacements.

The various contributions to the free energy of different metastable phases have been
calculated. The vibrational free energy was obtained from first principles in the quasiharmonic
approximation. The electronic entropy contribution to the free energy for all of the phases
was calculated. We showed that the underlying bcc structure is stabilized by excess vibrational
entropy against the ω′′ and B82 phases. The phonon density of states for each structure at the
transition temperatures was calculated. The predicted transition temperatures are in excellent
agreement with available experimental results.

It is confirmed that, in contrast to the Ti–Al–Nb system, in this system the B82 structure
cannot be formed. It is shown that, due to the weak V–V interaction, configurational entropy
cannot play any role in this transition.
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